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Hidden non-Fermi liquid behavior due to crystal field quartet
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(July 26, 2017)
We study a realistic Kondo model for crystal field quartet ground states having magnetic and
non-magnetic (quadrupolar) exchange couplings with conduction electrons, using the numerical
renormalization group method. We focus on a local effect dependent on singlet excited states
coupled to the quartet, which reduces the non-magnetic coupling significantly and drives non-Fermi
liquid behavior observed in the calculated quadrupolar susceptibility. A crossover from the non-
Fermi liquid state to the Fermi liquid state is characterized by a small energy scale very sensitive to
the non-magnetic coupling. On the other hand, the Kondo temperature observed in the magnetic
susceptibility is less sensitive. The different crystal-field dependence of the two exchange couplings
may be related to the different x dependence of quadrupolar and magnetic ordering temperatures
in CexLa1−xB6.
PACS numbers: 75.20.Hr, 71.10.Hf, 71.27.+a, 72.15.Qm
I. INTRODUCTION
The importance of orbital degrees of freedom has been
emphasized for heavy fermion systems such as Ce or U
based compounds.1–3 Since the f -electrons have local-
ized character, the crystal-field multiplets play impor-
tant roles in the low temperature physics. The multi-
channel Kondo effect due to the f -shell impurities is one
of the possible origins of the non-Fermi liquid (NFL)
behavior in the heavy fermion metals.1 The expected
logarithmic divergence in their magnetic susceptibility
χ and specific heat coefficient γ with decreasing tem-
peratures is observed in the dilute limit of the f -shell
ions in UxTh1−xRu2Si2
4 or CexLa1−xPd2Al3.
5 This can
be explained by the theory of the two-channel Kondo
(2CK) effect for each case.6 For the U case, the NFL
behavior is due to a non-Kramers doublet in f2, while
for the Ce case, it is associated with a Kramers doublet
in f1 coupled to a non-Kramers doublet in f2. These
non-Kramers doublets give rise to two independent and
equivalent exchange interactions between the conduction
electrons and the f -shell moments. The exchange cou-
pling is quadrupolar for U, while it is magnetic (dipolar
or octupolar) for Ce. We can also apply a similar sce-
nario to account for a power-low temperature dependent
χ and γ in UCu5−xPdx.
7,8 This NFL behavior may be
caused by a quadrupolar Kondo coupling due to a triplet
ground state of U.9
Our next interest in this work is what type of Kondo
effect can occur for a quartet f -electron state in realistic
metals. The quartet is coupled to the conduction elec-
trons via a quadrupolar exchange coupling as well as a
dipolar one. An octupolar exchange interaction has to be
taken into account, too, since it has comparable ampli-
tude to the others. The Kondo effect originating from the
quartet is realized in CexLa1−xB6, where the ground Γ8
quartet is separated very well from the excited Γ7 dou-
blet by 540K, implying that the admixture of these states
can be neglected at low temperatures. The observed χ, γ,
resistivity, and thermopower in this alloy have been de-
scribed by the Coqblin-Schrieffer (CS) Model with SU(4)
symmetry.10 This model is derived from an Anderson
model for orbitally degenerate conduction electrons and
impurities where the valence fluctuation is restricted to
f0-f1 and the Coulomb interaction on the impurity site
is taken to be infinity. In fact, the SU(4) symmetry is
broken in real systems because of the f2 configuration.
To confirm the robustness of the CS model, we have to
take into account more generalized exchange interactions
associated with the atomic structure.11 Pavarini and An-
dreani studied the stability of SU(N) symmetry against
some anisotropic exchange interactions based on their
spherically symmetric model.12 They concluded that the
local Fermi-liquid (FL) fixed point derived from the CS
model is always stable and the Kondo temperature is re-
duced. The recent study of Kusunose and Kuramoto on
the same type of Kondo model found that an NFL state
is realized in the absence of non-magnetic exchange cou-
plings and is destabilized by the particle-hole symmetry
breaking.13
We cannot find any evidence of NFL behavior in the
existing experimental data for CexLa1−xB6. It is not
easy to obtain direct information of Ce single-site effects
for dense Ce cases since the long-range order occurs be-
low 3.3K, very close to the Kondo temperature (∼ 2K).
However, we note the difference between magnetic and
quadrupolar effects found in the phase diagram depen-
dent on the Ce concentration x. The transition tempera-
ture of the antiferro-quadrupolar order TQ depends on x
more sensitively than the Ne´el temperature TN.
14,15 The
former decreases very rapidly with decreasing x. We can
propose two possible scenarios to explain this behavior:
(1) the quadrupolar order is destabilized more easily by
the lattice disorder intensified with decreasing x, and (2)
the quadrupolar exchange coupling between the conduc-
tion electrons and the Γ8 quartet becomes smaller than
the magnetic one, which results in the rapid decrease
of the quadrupolar RKKY coupling. Since the latter has
not been considered before, we stress that the strong sup-
pression of the quadrupolar exchange coupling is due to
1
the crystal-field states of Ce varying with decreasing x
from x = 1. It is also interesting that this quadrupolar
property is very important for the possibility of a new
NFL state as discussed later.
In this paper we present a realistic Kondo model with
a spherical tensor form. By using a Schrieffer-Wolff
transformation,16 it is derived from an Anderson model
with an orbitally degenerate impurity on which the f1
Γ8 quartet is coupled to the f
0 configuration and the
f2 Γ1 singlet via the hybridization with the conduction
electrons. The model consists of a magnetic exchange
term (dipolar and octupolar interactions are combined)
and a non-magnetic term (a potential scattering and a
quadrupolar exchange interaction are combined). If we
tune up the f -electron energy levels to leave the magnetic
part alone, we can obtain an NFL state corresponding
exactly to that of the 2CK model, except for the con-
version of the charge and spin indices. First, we discuss
this NFL state realized only in a particle-hole symmet-
ric case, based on the numerical renormalization group
(NRG) analysis.17 Next, we investigate the realistic case
where the particle-hole symmetry is broken and the ef-
fect of our NFL fixed point is observed in the quadrupolar
(strain) susceptibility. The most important result is the
existence of two characteristic energy scales: one corre-
sponds to the Kondo temperature associated with the
CS limit, while the other characterizes a crossover to the
FL state at lower temperatures. The latter new scale is
connected to the NFL fixed point and can be very small
when the quadrupolar exchange coupling is small. This
quadrupolar coupling destabilizes the NFL state in the
same manner as a spin field in the 2CK model.18
The remainder of this paper is organized as follows. In
Sec. II, we explain the different crystal-field dependence
of the magnetic and non-magnetic exchange couplings
and describe how to calculate magnetic and quadrupolar
susceptibilities for the impurity with the NRG method.
In Sec. III, we discuss the FL and NFL states based on
the NRG results. Finally, Sec. IV gives the concluding
remarks and discussions with some proposals for experi-
ments.
II. MODEL
As mentioned above, we restrict the f -electron states
to f0, an f1 Γ8 quartet, and an f
2 Γ1 singlet in our
Anderson model. These are possible ground states,
accessed by varying two parameters of a crystal-field
Hamiltonian.19 Here we assume that the energies of the
excited states in each configuration are so large as to
be neglected at low temperatures. Only in this case
can we map a derived Kondo model to an exchange
model expressed with a spherical tensor form. Apply-
ing a Schrieffer-Wolff transformation to the f0-f1 valence
fluctuation, we obtain the CS model with SU(4) symme-
try. To rewrite this Hamiltonian with spherical tensor
operators, we express the fourfold Γ8 states in terms of
Jz of a J = 3/2 spin operator in the following way:
20
|Γ8,3/2〉 = −
√
1
6
|+ 3
2
〉 −
√
5
6
| − 5
2
〉, (1)
|Γ8,1/2〉 = |+
1
2
〉, (2)
|Γ8,−1/2〉 = −| −
1
2
〉, (3)
|Γ8,−3/2〉 =
√
1
6
| − 3
2
〉+
√
5
6
|+ 5
2
〉, (4)
where we assume that these states are constructed from
the single-electron states with the total angular momen-
tum j = 5/2 because of a strong spin-orbit coupling in
Ce, and |M〉 (M = −5/2,−3/2, · · · , 5/2) represents an
eigenstate of jz. The CS Hamiltonian can be expanded
with respect to scalar products of two kinds of irreducible
tensor operators with rank p, and the corresponding ef-
fective exchange Hamiltonian is given by
Hex,10 = I10
∑
kk′mm′
a†k′m′akm
×
[
1
5
(T
(1)
m′m +
4
9
T
(3)
m′m) +
1
4
(1 +
4
9
T
(2)
m′m)
]
, (5)
where
T
(p)
m′m =
p∑
q=−p
(−1)q
(
j
(p)
−q
)
m′m
J (p)q (6)
represents a dipolar, a quadrupolar, and an octupolar
exchange interaction for p = 1, p = 2, and p = 3, re-
spectively. Here a†km (akm) is a creation (annihilation)
operator for a conduction electron with wave vector k
and orbital m. The tensor j
(p)
q (J
(p)
q ) is constructed from
a j = 3/2 (J = 3/2) spin operator for the fourfold Γ8
conduction electrons (the Γ8 quartet). For each p, the
tensor operator has (2p + 1) components and is derived
from the following equations,
J (p)p = (−1)p
√
(2p− 1)(2p− 3) · · · 3 · 1
2p(2p− 1) · · · 2 J
p
+, (7)
J
(p)
q−1 =
1√
(p+ q)(p− q + 1)[J−, J
(p)
q ]. (8)
We take the Fermi energy as the origin of energies, and
the coupling constant I10 is given by V
2
10/∆E10, where
V10 is the mixing parameter for f
0-f1 and ∆E10 is the
energy level of f0 measured from that of the f1 Γ8 quar-
tet. The valence fluctuation from f1-f2 also leads to the
similar form of the effective exchange Hamiltonian since
the twofold Γ7 (j = 5/2) conduction electrons cannot
contribute to this exchange process, being restricted by
the Γ1 symmetry (Γ1 = Γ6 ⊗ Γ6 ⊕ Γ7 ⊗ Γ7 ⊕ Γ8 ⊗ Γ8) of
the intermediate state in f2. The SU(4) symmetry is also
2
conserved in the exchange interaction, and we obtain the
corresponding Hamiltonian for f1-f2,
Hex,12 = I12
∑
kk′mm′
a†k′m′akm
×
[
1
5
(T
(1)
m′m +
4
9
T
(3)
m′m)−
1
4
(1 +
4
9
T
(2)
m′m)
]
, (9)
where the sign of the potential scattering and quadrupo-
lar coupling terms is negative, while it is positive in the
Hamiltonian (5). Here the coupling constant I12 is given
by V 212/∆E12, where the definition of each parameter fol-
lows that for I10. If the Γ8 ⊗ Γ8 part of the f2 Γ1 state
consists of single-electron states given in (1)–(4), we can
obtain V12/V10 = 1/
√
6 which is related to the Clebsch-
Gordan coefficients. After we put the two Hamiltonians
(5) and (9) together, we obtain the complete exchange
Hamiltonian with two exchange couplings as follows:
Hex =
∑
kk′mm′
a†k′m′akm(IoT
(o)
m′m + IeT
(e)
m′m), (10)
where
T
(o)
m′m =
1
5
(T
(1)
m′m +
4
9
T
(3)
m′m), (11)
T
(e)
m′m =
1
4
(1 +
4
9
T
(2)
m′m), (12)
Ie
Io
=
1− (I12/I10)
1 + (I12/I10)
(≡ α). (13)
Here Io is always positive and antiferromagnetic, while
the sign of Ie can change. We note that the transfor-
mation Ie ↔ −Ie only causes the conversion between
particles and holes. The ratio of the couplings α rep-
resents the anisotropy apart from the SU(4) symmetry
(α = 1). As shown in Eq. (13), the quadrupolar cou-
pling can be very small depending on the exchange cou-
plings I10 and I12, i.e., on the valence fluctuations f
0-f1
and f1-f2. Thus the quadrupolar coupling is suppressed
by the local environment more strongly than the dipolar
and octupolar couplings. Recently Kusunose and Ku-
ramoto studied the same type of Kondo model for arbi-
trary ranks of tensors by the perturbation renormaliza-
tion group analysis.13 They found that an unstable NFL
fixed point is realized when all the exchange interactions
expressed by j
(2n)
−q J
(2n)
q (n is integer) vanish and particle-
hole symmetry is conserved. This corresponds to the case
Ie = 0 (I10 = I12) in our realistic Kondo model. This is
realized when ∆E12/∆E10 is exactly equal to (V12/V10)
2
(= 1/6) for the crystal-field energies of f -electrons. Such
complete cancellation of I10 and I12 is unlikely in real sys-
tems, but the effect of the NFL state should be observed
at finite temperatures as discussed later.
To investigate our Kondo model given by
H =
∑
km
εka
†
kmakm +Hex, (14)
where εk is the kinetic energy of the conduction electron,
we transform the Hamiltonian to a hopping Hamiltonian
for the NRG calculation. Following Wilson,17 we obtain
the recursion relation
HN+1 = Λ
1/2HN + (f
†
N+1,mfNm +H.c.), (15)
and
H0 = Λ
−1/2
∑
mm′
f †0,m′f0,m(I˜oT
(o)
m′m + I˜eT
(e)
m′m), (16)
for the impurity, where through the Fourier transforma-
tion f †nm (fnm) is derived from a
†
km (akm) defined in the
logarithmically descretized conduction band, and I˜o(e) is
equal to 2Io(e)ρ/(1+Λ
−1), where ρ is the density of states
of the conduction electrons at the Fermi sea. In order
to obtain the temperature dependent magnetic (χ) and
quadrupolar (χQ) susceptibilities for the local Γ8 quar-
tet, we calculate the magnetization Mz and quadrupolar
response Qzz, respectively, to very small local external
fields. For the latter, the lattice is distorted along a c-
axis. In the NRG calculation, Mz and Qzz are given by
Mz =
TrJz exp(−β¯H ′N )
Tr exp(−β¯H ′N )
, (17)
Qzz =
Tr(λO20) exp(−β¯H ′′N )
Tr exp(−β¯H ′′N )
. (18)
Here O20 is defined by [3J
2 − J(J + 1)] and β¯ (∼ 1) is
related to the physical temperature
kBT/D =
1 + Λ−1
2
Λ−(N−1)/2/β¯, (19)
where D is a half width of the conduction band. For
the Hamiltonian H ′N in Eq. (17), the Zeeman term
−gJµBJzhz (gJ = 6/7 is a Lande´’s g factor for the Γ8
quartet and hz is a local magnetic field) is added to the
exchange Hamiltonian H0. For H
′′
N in Eq. (18), the simi-
lar term−λO20hq (hq is a local quadrupolar field) is added
to H0, where we determine λ to satisfy
〈Γ8,±3/2|λO20 |Γ8,±3/2〉 = +1, (20)
〈Γ8,±1/2|λO20 |Γ8,±1/2〉 = −1. (21)
The susceptibilities χ and χQ are given by Mz/hz and
Qzz/hq, respectively, if the local external fields are small
enough. Throughout this paper we take kB, µB and D
to be unity. In the NRG calculation, we take Λ = 3 and
keep about 800 lowest-lying states at each renormaliza-
tion step.
III. RESULTS
Let us begin with the case α = 0 in (13). Because of
the particle-hole symmetry, we can express eigenstates
with an axial charge operator ~q defined by21
3
q+ =
∞∑
n=0
(f †n,3/2f
†
n,−3/2 − f †n,1/2f †n,−1/2), (22)
qz =
1
2
∞∑
n=0
∑
m
(f †nmfnm −
1
2
). (23)
This operator satisfies the SU(2) Lie algebra,
[qz, q±] = ±q±, [q+, q−] = 2qz. (24)
After a large number of renormalization steps N , we
reach an NFL fixed point where HN = HN+2 is satis-
fied. Each energy level is labeled by (q, j) where j is
the total angular momentum. As shown in Table I (a),
the ground state has twofold degeneracy related to the
particle-hole symmetry (qz = ±1/2) and no angular mo-
mentum (j = 0). The lowest energy spectrum is same as
that of NFL fixed point for the 2CK model. The eigen-
states for the latter are given in (b). The energies in
Table I are derived by the boundary conformal field the-
ory (CFT)22 which is applied to the 2CK model with
the U(1) × SU(2) × SU(2) symmetry. Here vF is the
Fermi velocity and l is the system size. Each energy is
equal to the corresponding NRG energy multiplied by a
factor (≃ 5/8) for Λ = 3 case.18 Our Kondo model with
particle-hole symmetry has the SU(2) symmetry for both
q and j, and each of the four lowest-lying eigenstates in
(a) satisfies the following equation
E =
vFπ
l
[
q(q + 1)
4
+
j(j + 1)
12
]
, (25)
for the corresponding energy. Each energy in the last col-
umn is measured from that of the ground state (= 3/16).
These eigenstates can be connected to the primary states
in the CFT. The CFT gives the same equation to NFL
fixed-point energies for a Kondo model with only dipolar
exchange interaction between j = 3/2 conduction elec-
trons and a J = 1/2 local spin.21 This indicates applica-
bility of the CFT to our Kondo model with the octupolar
exchange interaction, although it is impossible to absorb
the impurity spin in the conduction electron current.
The new NFL fixed point is stabilized by the octupo-
lar exchange interaction T (3) in the Hamiltonian (10).
On the other hand, the dipolar exchange interaction T (1)
leads to another NFL fixed point if both T (2) and T (3)
are neglected. The lowest NRG energy levels in this case
are same as those for the Kondo model with exchange
interaction between j = 3/2 conduction electrons and a
J = 1/2 local spin, if even and odd numbers of the NRG
iteration stepN are converted each other. The NFL fixed
point due to T (1) is stable against the potential scattering
and is destabilized by T (2) and T (3). If only T (1) and T (3)
are left in the exchange interaction and these couplings
are varied independently, we can obtain the competition
between each other. For the exchange Hamiltonian (10),
we always reach the NFL fixed point stabilized by T (3)
when we fix α = 0.
The particle-hole symmetry is usually broken (α 6= 0)
and the quadrupolar coupling exists in any real systems.
In Table I, the axial charge q for the new NFL fixed point
(a) completely corresponds to the spin S for the 2CK
fixed point (b). As a spin field in the 2CK model, the po-
tential scattering and quadrupolar exchange terms desta-
bilize the new NFL fixed point, and leads to the SU(4)
symmetric FL fixed point realized for the CS model. The
crossover from the NFL state to the FL state is related
to the recovery of the SU(4) symmetry. In the NRG
calculation, the doublet ground state (q = 1/2, j = 0)
for α = 0 is lifted by the coupling Ie. The NRG energy
flow diagram shows that one of the separated states be-
comes unstable as the renormalization step N increases,
and finally merges to a fivefold degenerate excited state
with j = 2. We define the crossover temperature T ∗s as
the number of the NRG step at which the energy differ-
ence between the two states reach less than 0.01. Figure 1
shows that T ∗s is proportional to α
2, similar to a crossover
temperature vs. a spin field for the 2CK model.18
Next we discuss the crossover to the FL state by cal-
culating χ(T ) and χQ(T ). In the CS limit (α = 1), these
susceptibilities show the same temperature dependence.
If they are normalized by the T = 0 values, we can obtain
the complete agreement with each other. The difference
is enhanced as the symmetry of the exchange interaction
is lowered from the SU(4) symmetry, i.e, α decreases
from unity. In Fig. 2, χQ(T ) for α = 0 behaves logarith-
mically down to T = 0 as does the spin susceptibility for
the 2CK model. Based on this logarithmic curve, we can
estimate the Kondo temperature T
(0)
K as a function of the
magnetic coupling Io. Once the non-magnetic coupling Ie
is introduced (α 6= 0), the FL state appears below T ∗s and
χQ becomes constant. The T = 0 value of χQ decreases
as α increases. As shown in Fig. 3, χQ(T = 0) ∝ lnα is
satisfied for the small values of α. In analogy with the
spin susceptibility for the two-channel Kondo model with
channel anisotropy,23,24 χQ is scaled by T
(0)
K and Ts: the
latter is proportional to T ∗s . Since Ts is proportional to
α2, we can express χQ with the following equation
χQ =
a
T
(0)
K
ln
[
T
(0)
K
max(Ts, T )
]
, (26)
for Ts ≪ T (0)K . We obtain (a, T (0)K , Ts/α2) = (0.60, 2.6 ×
10−3, 8.1× 10−3) for I˜o = 0.2 and (0.62, 3.1× 10−2, 6.1×
10−2) for I˜o = 0.3.
These two energy scales are also found in χ, which we
conclude from the detailed analysis shown below. For the
CS model with the exchange interaction between j = 3/2
conduction electrons and a J = 3/2 local spin, the Kondo
temperature T
(1)
K is defined by j(j + 1)/3χ(T = 0). The
χ(T )/χ(0) (α = 1) curve for the Γ8 quartet is in agree-
ment with that for the J = 3/2 spin completely, and
we obtain χ(T
(1)
K )/χ(0) ≃ 1/3. As shown in Fig. 4,
a crossover to the FL state appears with a lnT de-
pendence in χ(T ) for each value of α. We also obtain
4
χ(T
(0)
K )/χ(0) ≃ 1/3 for α = 0, where T (0)K has been ob-
tained from the logarithmic temperature dependent χQ
for α = 0. Therefore we can define the Kondo tem-
perature for arbitrary values of α using the equation
χ(T
(α)
K )/χ(0) = 1/3. Based on this analysis, we find
that T
(α)
K is analogous to T
(1)
K of the CS limit when |α|
is close to unity. In Fig. 5, χ(0) is fitted well to the
function (T
(0)
K + bα
2)−1 from α = 1 down to α ≃ 0.2 for
I˜o = 0.2 (α ≃ 0.4 for I˜o = 0.3), where the constant b
depends on Io. On the other hand, we find that T
(α)
K is
proportional to the inverse of this function in the same
parameter region of α, and finally obtain
T
(α)
K ≃ 1.3(T (0)K + cTs) ≃
1.3
χ(0)
, (27)
where c = 1.4 for I˜o = 0.2 and c = 0.86 for I˜o = 0.3.
This relation implies that the CS model can describe χ
very well even if the SU(4) symmetry is broken in real
systems, since |α| is not usually so small. The strength of
the anisotropy (|α| < 1) is related to the reduction of the
Kondo temperature. The large decrease of the quadrupo-
lar coupling is seen in χ as a small difference from the
CS limit. On the other hand, the crossover depending on
the quadrupolar coupling can be observed more easily in
χQ, since the observable crossover temperature Ts is very
sensitive to the quadrupolar coupling.
IV. DISCUSSIONS
We have discussed the multipolar Kondo effect due to
the Γ8 quartet, based on the realistic Kondo model with
the spherical tensor form. The exchange couplings de-
pend on the crystal-field energy levels of the f0, f1 Γ8
quartet, and f2 Γ1 singlet states. We can tune up the
crystal field to leave the magnetic (dipolar + octupo-
lar) exchange coupling Io alone and obtain the new NFL
state at low temperatures in this particle-hole symmet-
ric case. This symmetry is usually broken by the non-
magnetic (quadrupolar + potential) coupling Ie in real
systems. The latter coupling Ie behaves like a spin field
in the 2CK model. The crossover from the NFL state to
the FL state is related to the ratio of the two couplings
α and we obtain two characteristic energy scales: one
is the Kondo temperature T
(α)
K reduced by the decrease
of α from the CS limit (α = 1), and the other is the
small crossover temperature Ts (∝ α2) due to the NFL
fixed point. The latter energy scale Ts clearly appears
with the suppression of the logarithmic behavior in the
quadrupolar susceptibility χQ(T ).
In our Kondo model, we have neglected the effect of
the local excited states (Γ3, Γ4, Γ5) in f
2, assuming that
their energies are very large. If they are included, the
Kondo model cannot be expressed with the spherical ten-
sor form. The exchange process via the excited states
makes the exchange interaction much more complicated,
and prevents the total angular momentum from being a
good quantum number if Γ8 is mapped to J = 3/2. In
addition, the twofold Γ7 conduction electrons contribute
to the exchange with the Γ8 quartet and leads to a more
complicated Kondo interaction. The larger number of
degrees of freedom of the scattering process may stabi-
lize the FL state more. For CexLa1−xB6, we can expect
a large crystal-field splitting between the ground and ex-
cited states in f2 as well as between the Γ8 and Γ7 states
in f1. Since the f -electron is localized very well (the f -
occupancy is close to one), the hybridization of the con-
duction band with the f -orbitals may be so small that
the effect of the excited states becomes irrelevant. How-
ever, it is not clear which is a ground state for f2 among
the possible candidates Γ1, Γ3, and Γ5.
Finally we discuss the connection between our results
and the experiments for CexLa1−xB6. According to the
magnetic susceptibility and the resistivity, the Kondo
temperature TK is not sensitive to the Ce concentration
x.25,26 In addition, the x dependence of the lattice pa-
rameter is very small.25 In our theory, TK depends on
the two Kondo couplings Io and Ie. As we discussed
in the introduction, TQ decreases more rapidly than TN
with decreasing x from x = 1. One can usually expect
the quadrupolar order to be much sensitive to the lat-
tice disorder since the quadrupolar moment is directly
coupled to the lattice degrees of freedom. However, dop-
ing also changes the crystal field. It is possible that the
quadrupolar RKKY coupling is suppressed more strongly
by the change of x than the magnetic one, due to the dif-
ferent crystal-field dependence of the quadrupolar and
magnetic exchange couplings of the conduction electrons
with the Γ8 quartets. We can conclude that the ratio of
the two couplings |Ie/Io| decreases as x decreases from
x = 1. Based on our results, TK decreases with |Ie/Io|,
while it increases if Io becomes larger. This is possible in
general and thus we can obtain TK to be less sensitive to
doping than TQ even if the Kondo couplings are varied.
In order to confirm our idea for the x dependence
of TQ, we propose that the experimentalists measure
χ and χQ together for arbitrary x including the dilute
limit (x ≪ 1). χQ is related to the elastic constant
(C11 − C12)/2. It is very useful to observe the corre-
lation between the two susceptibilities for the purpose
of finding the local effect. When |Ie/Io| ≃ 1, the corre-
lation is expected to be linear in a temperature region
where the Kondo effect is observed, since both χ and χQ
show almost the same temperature dependence. This
linear feature tends to be lost as |Ie/Io| decreases form
unity. Large deviations from the linear correlation can be
found at low temperatures below TK. At higher temper-
atures, slight deviations are observable when |Ie| is very
small. The same argument can be applied to the C44
mode as well. The amplitude of the quadrupolar Kondo
coupling is also related to the type of quasiparticle exci-
tations, particle-like or hole-like. If we are able to extract
the single impurity effect, the thermopower measurement
can detect the degree of particle-hole asymmetry which
5
becomes smaller as the quadrupolar coupling decreases.
It is also very interesting to search for the hidden NFL
state related to the particle-hole symmetry not only in
CexLa1−xB6 but also in other cubic crystals including
rare earth ions where a Γ8 quartet is a ground state.
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(a) q j (b) Q S Sc El/πvF
1/2 0 0 1/2 0 0
0 3/2 ±1 0 1/2 1/8
1/2 2 ±2 1/2 0 1/2
0 1/2 1 1/2
1 3/2 ±1 1 1/2 5/8
3/2 0 0 3/2 0 1
1/2 3 ±2 1/2 1 1
0 1/2 0 1
1/2 1 0 1/2 1 1
1/2 0 0 1/2 0 1
TABLE I. Lowest energy spectra at non-Fermi liquid fixed
points: (a) For our model (α = 0), q is an axial charge and j
is a total angular momentum. (b) For the two-channel Kondo
model, Q is a total number of particles measured from that of
the ground state, S is a total spin, and Sc is an isospin asso-
ciated with the two channels. The last column gives energies
corresponding to the eigenstates for both (a) and (b), where
we take the energy of the ground state as the origin.
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FIG. 1. Crossover temperature. Over a wide range of the
coupling ratio α, T ∗s is proportional to α
2.
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FIG. 2. Temperature dependent quadrupolar susceptibil-
ity. From top to bottom, α is equal to 0, 0.04, 0.1, 0.2, 0.4,
and 1.
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FIG. 3. T = 0 values of quadrupolar susceptibility. For
the small values of the coupling ratio α (< 0.2), χQ is loga-
rithmic in α.
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FIG. 4. Temperature dependent magnetic susceptibility
divided by each T = 0 value. From left to right, α is equal to
0, 0.2, 0.4, 0.6, 0.8, and 1.
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FIG. 5. T = 0 values of magnetic susceptibility. When the
coupling ratio α is not very small, χ is fitted to (A+Bα2)−1
(solid line), where (A,B) = (2.7 × 10−3, 0.011) for I˜o = 0.2
and (3.3× 10−3, 0.049) for I˜o = 0.3.
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